We prove a new representation of the generator of a subordinate semigroup as limit of bounded operators. Our construction yields, in particular, a characterization of the domain of the generator. The generator of a subordinate semigroup can be viewed as a function of the generator of the original semigroup. For a large class these functions we show that operations at the level of functions has its counterpart at the level of operators. 
Introduction
Let fT t g t ½0 be a contraction semigroup of type .C 0 / (that is, strongly continuous semigroup) on a Banach space .X; k Ð k/ with infinitesimal generator .A; D.A//. Subordination (in the sense of Bochner) is a method of getting new .C 0 /-semigroups from the original one fT t g t ½0 by integrating fT t g t ½0 (as function of t) with respect to a subordinator, that is a vaguely continuous semigroup f¼ t g t ½0 of sub-probability measures on [0; 1/. Thus, the subordinate semigroup fT If we write e t A for T t , this result shows-at least at a formal level-that A f D f . A/. In fact, it gave rise to a functional calculus which is sometimes referred to as BochnerPhillips calculus, see [2] . It is well-known for contractive semigroups fT t g t ½0 and one-sided Þ-stable subordinators f .x/ D x Þ , Þ 2 .0; 1/, that A f is indeed the fractional power . A/ Þ (in the sense of Balakrishnan), see [23, 13] . In [11, 2, 19 ] the complete Bernstein functions, a sufficiently rich subclass of the Bernstein functions (containing, for example, the above fractional powers), was considered and the relation A f D f . A/ established whenever f is defined on the spectrum of A, see Proposition 1.3. Here, f . A/ is characterized via its resolvent in terms of the Dunford-Taylor integral, see Section 4 and [2, 19] .
In [11, 2, 19] 1 f .x/ 6 D 0, see [19] . In [18, 19] [12] for an application to pseudo-differential operators. In this paper we will give an alternative description of .A f ; D.A f // by approximating A f through a sequence of bounded infinitesimal generators. The idea itself does not seem to be new and was employed by Westphal [22] in order to get a similar approximation of Balakrishnan's fractional powers . A/ Þ of an infinitesimal generator A. Westphal showed that there is a sequence g n .x/ ! x Þ as n ! 1 such that Q n .x/ Á g n .x/x Þ is a Laplace transform of a measure q Þ;n .x/1 .0;1/ dx. Putting formally x D A, we can interpret Q n . A/ as bounded operator and approximate . A/ Þ . Since the densities q Þ;n .x/ can be explicitly calculated, the reasoning in [22] was straightforward and could easily be made rigorous.
We will go along similar lines, although we cannot use explicit formulae when approximating the complete Bernstein function f . Here we will construct an approximating sequence f f n g n2N for f consisting of bounded complete Bernstein functions. Now the operators A fn are well-defined, for example, by Phillips' formula (0.4), and the following definition makes sense:
the above weak limit existsg :
In particular, the above characterization of D.A f / yields the following asymptotic result
which allows for a comparison of the domains of A f and A g , where g is some other Bernstein function.
In our final section we make some first steps towards a functional calculus for generators of subordinate semigroups. We show that operations at the level of complete Bernstein functions-scalar multiplication, addition, composition, multiplication, and convergence-have their counterparts at the level of operators. In particular, we can show for complete Bernstein functions f; g,
where equality is understood in the sense of operators. Putting f . A/ D A f we can extend (0.8) to the case where f Ð g is no longer a Bernstein function:
A f // for the class of complete Bernstein functions that is basically identical with (0.6) but uses a different approximation of the function f . In fact, Corollary 2.10 and Theorem 4.1 (5) can already be found there. However, the method used in [11] is quite different from ours. It is motivated by potential theoretic considerations and uses an approach via the resolvent rather than the semigroup. Since our results in sections 3 and 4 strongly depend on our approach we will, nevertheless, include our proofs in full.
Notations and auxiliary results
Let us recall some results from semigroup theory, see, for example, [8] and [14] . A .C 0 /-semigroup of type ! 0 2 [ 1; 1/ on a Banach space .X; k Ð k/ is a oneparameter family of operators fT t g t ½0 on X satisfying T t Cs u D T t T s u for all t; s ½ 0, and lim t !0 kT t u uk D 0 for all u 2 X, and
The resolvent set ².A/ of A contains the complex half-plane fz 2 C : Re z > ! 0 g, and the following estimate holds for z 2 ².A/, Re z > !, ! > ! 0 :
If A is the generator of a contraction semigroup, that is, a semigroup where (1.1) becomes kT t k Ä 1 for all t ½ 0, it is a dissipative operator:
kAu zuk ½ Re zkuk; z 2 C; Re z > 0; (1.5) holds for all u 2 D.A/. In the general situation, we can always turn a semigroup fT t g t ½0 into a contraction semigroup with generator Q A D A ! on .X; jjj Ð jjj/) where 
By the above remark, the operator B D A !, where ! > ! 0 and A is the generator of a .C 0 /-semigroup of type ! 0 , satisfies the conditions of the above theorem.
A subordinator is a vaguely continuous convolution semigroup f¼ t g t ½0 of subprobability measures ¼ t on [0; 1/. By Bochner's theorem the Laplace transform of ¼ t has the form If the semigroup fT t g t ½0 is not equi-bounded but of type ! 0 , not every subordinator is eligible for subordination. If, however, R
makes sense and defines a new .C 0 /-semigroup fT f t g t ½0 . DEFINITION 1.2. Let fT t g t ½0 be a .C 0 /-semigroup of type ! 0 and f¼ t g t ½0 be an admissible subordinator with f 2 BF. Then the semigroup fT f t g t ½0 of (1.8) is called subordinate (in the sense of Bochner) with respect to fT t g t ½0 .
The idea of subordination is probably due to Bochner [4] , also [5, Chapter 4.4] . The following result characterizes those subordinators which can be used for subordination if the semigroup is not equi-bounded, see [18, Satz 2.13] or [19] . This, in particular, allows us later on to restrict ourselves to contractive semigroups. Obviously, the type
Later on, we will only consider a subset of BF.
holds with some 2 BF.
Complete Bernstein functions are sometimes also called operator monotone functions, see, for example, [9] . Our notation follows closely [16] .
Examples for complete Bernstein functions are
The following theorem gives a precise characterization of the class C B F : THEOREM 1.5. (see [18] ) Each of the following five properties of f : .0; 1/ ! R implies the other four: 
Some of the above implications can be found in [2] and [9] , a detailed proof for .1/-.4/ is given in [18] . Only .5/ seems to be new, but it is straightforward that .1/ and .3/ imply .5/, whereas .1/ follows from .5/ because of the identity f .x/ D x=.x= f .x//. ASSUMPTION 1.6. Throughout this paper, fT t g t ½0 will always be a .C 0 / contraction semigroup on the Banach space .X; k Ð k/, its generator will be denoted by .A; D.A//, and f¼ t g t ½0 will be a subordinator with Bernstein function f . The subordinate semigroup is denoted by fT 
Conversely, if f is bounded, we find from Fatou's lemma
f .x/ < 1:
If f is bounded, we have by much the same calculation
In what follows we will always assume that f is a complete Bernstein function 
The following approximations of f will be important
Note that f k 2 C B Fand is bounded, since 
holds for the one-sided Laplace transform b k of k .
example 9.9], we find
with a suitable measure ¹ on [0; 1/. By the convolution theorem for Laplace transforms we have
and so 
and preserves the upper complex half-plane:
Using the Stieltjes representation (see Theorem 1.5 (2)) for f and f k we get [11] is valid, we have
which is positive whenever y D Im z ½ 0. Hence, Theorem 1.5 shows that . f
by [3, example 9.9], its reciprocal value is completely monotone. Now Bernstein's theorem, see [3, Theorem 9.3] shows that the representing measure k (from Lemma 2.3) of this completely monotone function is positive.
We still have to treat the case where b D 0. In this situation choose a sequence fb n g n2N such that b n > 0 and b n ! 0 and observe that the pointwise limit f k .x/= f .x/ D lim n!1 .b n C f k .x//=.b n C f .x// is again a completely monotone function. In particular, k is positive.
The measures k are even (sub-)probability measures, define a sequence of bounded operators on X which strongly converges to the identity operator on X.
(2.9) defines indeed a bounded operator. For some small Ž > 0 we find
Letting first k ! 1 and then Ž ! 0 we get both
Lemma 2.5 enables us to mimic the usual proof of the closedness of an infinitesimal generator of a .C 0 /-semigroup. 
PROOF. Using the Stieltjes representation of
it is seen that for v 2 X Z 
where ½ [0;1/ denotes the one-dimensional Lebesgue measure on the half-line. The Laplace transforms of
and of
coincide, therefore the measures coincide and the same calculation as above with k and l interchanged proves (2.10).
REMARK 2.7. The key in the proof of Proposition 2.6 was to show that the representation measures of both sides of (2.10) are the same. This was done via their Laplace transforms. This, however, amounts to checking the identity (2.10) just for the semigroup fe t x g t ½0 , x > 0 fixed.
We shall combine (2.10) with the approximation result of Lemma 2.5 to show the closedness of 
(2.12)
PROOF. Throughout the proof we denote by hÐ; Ði the dual pairing of X; X Ł and always denotes an (arbitrary) vector of X Ł . In the proof of Proposition 2.6 we saw that u 7 ! R .0;1/ .T t u u/ m k .t/ dt is a (strongly) bounded operator. Lemma 2.5 therefore allows us, for fixed k 2 N, to pass to the weak limit l ! 1 in the identity (2.10). This yields on the left-hand side 
The definition of D. Q A f / now implies-note that the limit on the left side exists-that we have R
Since there were no restrictions on 2 X Ł , (2.11) follows; (2.12) is derived similarly. Just observe that ÂZ
That D. Q A f / ² X is (strongly) dense follows at once from Lemma 2.5. In order to check the closedness of Q A f on D. Q A f /, we choose any sequence fu n g n2N in D. Q A f / satisfying u n ! u 2 X strongly and Q A f u n ! v 2 X strongly as n ! 1:
By Lemma 2.5 the strong limit strong-lim
exists, and according to the definition of
We can now identify the generator of the subordinate semigroup, A f , and the operator Q A f given by (2.4), (2.5). 
where '²' means the extension in the sense of operators. By Corollary 2.9, however, we also have
which completes the proof. 
An asymptotic result
We will now study a converse of (2.6). Consider the equality
where b > 0 and b þ l is the (one-sided) Laplace transform of the (signed) measure
recall that ¹ is the representing measure of
Assume moreover that ¹ has a decreasing density n with respect to Lebesgue measure on [0; 1/-this is always the case when f 2 C B Fsince then 1=.b C f .x// is a Stieltjes transform with representing density n 2 C M . Then þ l has a density
Since n is decreasing, the total variation of þ l satisfies
Thus, the family of measures fþ l g l2N has uniformly bounded total mass. This immediately gives the following result. 
holds for all u 2 X.
Exactly as in the proof of Theorem 2.8, we obtain the following result. PROPOSITION 3.2. Let fT t g t ½0 , A, f¼ t g t ½0 be as in Assumption 1.6, f 2 BF as in Lemma 3.1, and þ l given by (3.1). Then
holds for all k; l 2 N, and u 2 X. REMARK 3.3. One should observe that in equality (3.6) both k and þ l will depend on b > 0.
PROOF. As in the proof of Proposition 2.6, see Remark 2.7, it suffices to check (3.6) for the semigroup e t x with x > 0 fixed:
The combination of Lemma 3.1 and Proposition 3.2 yields the analogue of Theorem 2.8. 
Note that the proof of (3. (3.10) and the assertion follows from kþ l k Ä 2e, see Lemma 3.1.
The following corollary contains the converse of Lemma 2.1. PROOF. The sufficiency has already been established (under less restrictive assumptions) in Lemma 2.1. In order to see the necessity, let A f be a bounded operator, that is, kA f uk Ä ckuk for some c > 0 and all u 2 X, and A be an unbounded operator. Suppose lim x !1 f .x/ D 1. In this case, (3.10) gives
with a constant C not depending on ž. Letting ž ! 0 we find
that is, fT t g t ½0 is continuous in the uniform operator norm. Therefore, see [14, p. 2, Theorem 1.2], its generator A is bounded which contradicts our assumption.
Our next corollary is a generalization of the well-known relation 
with a constant C depending on g; ž, and b. Assumption (3.11) allows us to choose ž 2 .0; 1/ such that the above integral converges. Therefore, u 2 D.A g /, and the proof is complete. REMARK 3.8. It is easy to see that
holds for any 0 < Ž < ž. Since
whenever the integral on the right hand side exists, and, since by integration by parts Z
for some fixed ž > 0 and Ž ! 0, it is a sufficient condition for (3.11) to hold that
is integrable in some neighborhood of C1 and that
The above remark contains an interesting special case. Since for Bernstein functions f 0 .x/= f .x/ Ä 1=x holds (see, for example, [12] ), both conditions in Remark 3.8 are met if g.x/= f .x/ decays like some power x ½ . Let us state this criterion in the following corollary. COROLLARY 3.9. Let fT t g t ½0 , A, f¼ t g t ½0 , f 2 C B F , and g 2 BF be as in
subordination, T Let A D f f 1 f 2 Ð Ð Ð f N : N 2 N; f j 2 C B F ; 0 Ä j Ä N g denote the set of all finite products of C B F -functions. We want to show that the above definition extends Theorem 4.1 (5) to the set A . First, however, we have to check that (4.5) gives a well-defined operator. Let 
Note added in proof
All results of Section 2 and those of Section 4 that do not rely upon the log-convexity of the cone C B F -it is used only in Corollary 4.4-hold also for BF and not only for the subclass C B F . In order to see this, we remark that for any g 2 BF with 
